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Abstract 

We study the duality between IIB string theory on a pp-wave background, arising 
as a Penrose hmit of the AdS^ x x M, where M is (or K3), and the 2D 
CFT which is given by the M = (4,4) orbifold {M)^ /Sn, resolved by a blowing-up 
mode. After anahzying the action of the supercharges on both sides, we establish a 
correspondence between the states of the two theories. In particular and for the 
case, we identify both massive and massless oscillators on the pp-wave, with certain 
classes of excited states in the resolved CFT carrying large i?-charge n. For the 
former, the excited states involve fractional modes of the generators of the M = A 
chiral algebra acting on the Z„ ground states. For the latter, they involve, fractional 
modes of the U{1)\ x C/(l)|j super-current algebra acting on the Z„ ground states. By 
using conformal perturbation theory we compute the leading order correction to the 
conformal dimensions of the first class of states, due to the presence of the blowing up 
mode. We find agreement, to this order, with the corresponding spectrum of massive 
oscillators on the pp-wave. We also discuss the issue of higher order corrections. 
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1. Introduction 

The recent discovery of exactly solvable pp-wave string backgrounds as particular dou- 
ble scaling limits of AdS type IIB backgrounds |jl|, ^ |^ has made possible to extend the 
AdS/CFT correspondence beyond the supergravity approximation on the string theory side 
and therefore, in the dual CFT, beyond the class of strictly protected chiral primary opera- 
tors. This has been first achieved in the context of the AdS^ x 5*^ / A/" = 4 duality [Q and then 
extended to some of its variations P|, including a case involving open strings/fundamental 
matter 0. Another interesting dual pair which has been extensively studied in the past 
H, PI, Il0|, ITT], O] is given by IIB string theory on AdS^ x x M, where M is either T"^ or 



K3 on one side and an A/" = (4, 4) two-dimensional CFT correponding to the sigma model 
/Sn, In the Penrose limit this background gives rise an exactly solvable (in the light- 
cone gauge, Green-Schwarz formulation) pp-wave 0, 0] string background. Purpose of this 
paper is to provide some detailed quantitative tests of the duality between string theory 
on this pp-wave and above 2D CFT. The first step towards establishing the duality is of 
course to provide a correspondence between the states of the two theories: on the string 
theory side we have the ground state (s) and the states built with massive and massless 
(for case) oscillators, including zero modes. We will propose a precise correspondence, 
guided by the action of supersymmetry on the states on the two theories. On the CFT side 
the corresponding class of states is characterized large i?-charge J, J ~ V^, and J itself 
is identified with the n of Zn twisted sectors. 

After identifying ground states with chiral primary states of the CFT and massless 
oscillator modes with first level descendants of the left-moving A/" = 4 algebra generators 
Li, G^i, Jq , (and similarly for the right-moving one, Li, G^i, Jq ) we move on to massive 

2 2 

oscillators, which will be identified with certain, say, left fractionally moded descendants, 
with generators L_-^^,k, G^i k, JZk^ with k « J, acting on the Zj ground states. These 
states are right-chiral at the orbifold point, but become non-chiral when the orbifold is 
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resolved by switching on a Z2 blowing up mode. The necessity of moving off the orbifold 
point or, in other words, the fact that the point in moduh space where the CFT is dual 
to the pp-wave is not the orbifold point, is suggested by the spectrum of the light-cone 
Hamiltonian, p~ , to be identified in the CFT with A — J , A being the conformal dimension 
of the state. The spectrum is composed of two contributions. Let us consider the first 
one, which is due to the massive oscillators from the pp-wave part of the background, 
and, therefore, has the typical square-root form, implying that the conformal dimensions 
of the corresponding states admit an expansion in powers of glN/J"^, where is the 6- 
dimensional string coupling, much like what happens in the Yang-Mills case [^]. We will 
see that switching on the blowing-up mode has the effect of lifting the class of states 
in consideration, which are right-chiral (and therefore belong to short multiplets) at the 
orbifold point and of making four of them to join into long multiplets. As a condequence, 
their conformal dimensions are unprotected and are expected to receive corrections. We 
will verify this fact by showing that the (right-moving) supercharges are indeed modified 
in presence of the blowing up mode. 

The occurrence of this phenomenon will be also supported by a partition function 
computation on the two theories, which, as we will see, also suggests the presence of a 
supercharge with a Z2 twist nature, in agreement with the explicit CFT argument. We will 
perform a CFT calculation of the leading order change in the conformal dimension, finding 
agreement with the first order expansion of the square root formula from the pp-wave side. 

The second term in the Hamiltonian is due, in the case, to the usual massless 
oscillators (we do not consider momenta and windings along T^). This contribution is 
proportional to 1/J. We propose that on the CFT side these correspond to fractional 
modes of the f/(l)i x U{lY^ super-current algebra acting on the ground states on both 
left- and right-moving sectors, subject to the level matching condition. First order CFT 
perturbation theory gives, also for these states, results in qualitative agreement with the 
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predictions from string theory spectrum. 

The paper is organized as follows. In section 2, we briefly review AdS3/CFT2 duality 
and its Penrose limit. The supersymmetry generators of the pp-wave limit of the A/'(4, 4) 
algebra are constructed in section 3. In particular we find that the anti-commutator of 
the left and right supercharges is proportional to the world-sheet momentum operator P„ 
and therefore vanishes on the physical states. In section 4, we present the computation 
of the first order corrections to the conformal dimensions in the boundary CFT. Finally 
we discuss the question of higher order corrections and, assuming a natural identification 
between the states on the two sides, we show that the exact expression for the conformal 
dimensions imply an extension of the superalgebra: the anticommutator between the left 
and right supercharges vanishes on the orbifold group invariant states but not on individual 
fractional oscillators. This is exactly analogous to the results obtained in section 3 for the 
pp-wave strings. 



While this paper was in progress, three papers appeared, |13, 20| and [15| addressing 



some of the issues discussed here and overlapping partially with ours. 



2. AdSs /CFT2 Duality and its Penrose Limit 

In this section we review the basic facts about the duality between IIB string theory on 
AdSs X X M and the two dimensional boundary CFT corresponding to the symmetric 
product /Sn- On the string theory side, the above background arises as near horizon 
geometry of a system of Qi Dl-branes and parallel D5-branes wrapped on M, in the 
limit where both Qi and Q5 are large at fixed QijQ^. The radius R of both AdS^ and is 
given by B? = a'g^y/N , with = Q1Q5. is the six dimensional effective coupling given 
in terms of the IIB string coupling as g^ = Qs-^J^- String theory on such background 
is believed to be dual to certain two dimensional A/" = (4, 4) SOFT in the Neveu-Schwarz 
sector. The CFT corresponds to the orbifold sigma model M'^/Sn, possibly blown-up. 
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depending on the values of spacetime moduli which survive the near horizon limit. 

There have been several tests of this duality, mainly at the level of spectrum of protected 
operators f^, |1^, |12|. In particular, as first done in |jlO[, the elliptic genus of the CFT 



has been compared with the one, suitably defined, of supergravity. The two have been 



shown to agree for low energy excitations |T0|, O, IT^. Notice that, in this comparison, one 



is including also multiparticle supergravity states, but our discussion here will be focused 
only on supergravity (string theory) single particle states. For our later purposes, it will 
be useful to reconsider such computations. The elliptic genus involves states of the form 
(anything, chiral), but actually it does not keep track of the J|. R-quantum numbers of 
the right-moving Ramond ground states, since one sets the conjugate variable y to q~^^^ 
in the character valued partition function^, ii s{—)^ q^°~^/'^^y^L , One may ask then what 
happens if we keep arbitrary y for the chiral states in the partition function. In general one 
does not expect the resulting partition function to be a topological quantity, and indeed it 
was already observed in that in this case there is a discrepancy between supergravity 
and CFT results. We want to analyze this point in more detail. From the CFT side, 
the partition function for M'^/Sn is best obtained via a generating function Zcft = 
Y^j^p^ Z{M^ / Sn) which can be easily computed once the multiplicities for the single copy 
CFT ccFxif^i ^1 ^1 ^) are given. Taking into account only states which correspond to single 
particle supergravity states, i.e. the states coming from the twisted sectors corresponding 
to single cycles, amounts to consider 

Zcft{p. q, q, y,y) = Y^ CcFT^^mn - ~ Amn - - ~e)f'q'^y^f'y^ (2.1) 

where the multiplicities ccft^ are obtained from the single copy CFT partition function. 
The single particle partition function for states of the form (anything, chiral) on the super- 



gravity side is computed via the prescription of |T(]|, once the spectrum of chiral primaries 



^The elliptic genus is defined in the Ramond sector, where one usually sets y = \, but we need to flow 
to the NS sector, for the reason explained before. 
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is known (which happens to coincide with the cohomology of M) , and has an expansion of 
the formQ: 

^sugra= Yl CsuUn,m,i)p''q"'y'{yq'^^Y (2.2) 

Let us recall that the agreement between elliptic genera for states of low conformal di- 
mensions (m < amounts to the equality Zcft{p = ^,(l,y) = ■^sugra(p = !•<?,?/) and 
^ZcFT{p,q,y)\p=i = ^^sugra(p-g,2/)|p=i, that is, the two elliptic genera differ by an ex- 
pression of the form (p — iyg{p, q, y). In the above discussion we have set y = which 
is the value corresponding to the elliptic genus flowed in the NS sector. However using the 
techniques explained in , one can repeat the analysis for the case where one considers 
right- moving chiral states with the appropriate power of y given by their R-charge. We 
will not repeat here the calculation, but what one gets is that the CFT and supergravity 
partition functions differ by an expression of the form (1 — pq^^'^yY f{p, q,y, q^^'^y). This 
suggests that what can happen in the CFT is that four short multiplets, coming from the 
sectors n, (1), n + 1, (2) and n + 2, (1) respectively can join into a long multiplet and 
drop from the elliptic genus. In other words, one may expect that, as we move in the CFT 
moduli space, the Higgs mechanism can take place and assemble short multiplets (whose 
number is a multiple of four) into long ones. We will explicitly prove in the next section 
that this is indeed what happens, and we will identify these states with a class of (massive) 
string oscillator states on the pp-wave background. 

Let us consider now the Penrose limit of the AdS^ x x M background 0, |T^. This 



is obtained by blowing up a region near a null geodesic in AdSs x S^. It involves a scaling 
limit where R ^ oo with a', Qs and Qq finite. The resulting metric becomes 

ds'^ = —2dx~^dx~ — /i^(x^ + y'^)dx~^dx~ + dx'^ + d]f + ds\[ (2-3) 

where x and y are two- dimensional vectors, parametrizing a four- dimensional transverse 
^The crucial prescription in this derivation has to do with the notion of degree formulated in |l0[] , 
allowing to discuss finite N in supergravity, and therefore to introduce the variable p. 
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flat space. There are in addition non trivial vev's for the RR 3-form field strength, H^u = 

H+3A = jW- 

The light-cone momenta in this background,/)"'" = id^- and p~ = idx+, where p~ is 
the light-cone hamiltonian, are identified with the following combinations of charges in the 
CFT: 

p- = ^I{A-J) 

p+ = J/jjR^ (2.4) 

where A is the total conformal dimension in the CFT and J is the U{1) R-symmetry charge 
J = Jl + J|., with J| Cartan currents in the SU{2) l x SU (2)/j R-symmetry algebra of the 
M = (4,4) SCFT. Unitarity in the CFT gives A — J > 0, corresponding to non-negativity 
of the light-cone hamiltonian. The ground states of the latter correspond to chiral primary 
states in the CFT. The requirement of considering finite energy excitations in the limit 
R ^ oo (i.e. oo), demands to take J ~ with A — J finite. 

The spectrum of the light-cone hamiltonian is found to be |^ 

^ V jJ'P^Oi' np+a' 
with the level-matching constraint on the occupation numbers N^. 

J2Nn = L^-L^ (2.6) 

n 

where and are left- and right-moving Virasoro generators for the CFT corresponding 
to M. 

With the identifications given above, in particular fip'^a' = J/gsQb, we can translate 
the pp-wave spectrum (|2.5| ) into the following statement for the CFT spectrum: 

A - J = + + gsQ,^^^^ (2.7) 

n 

Our main goal will be to reproduce ( p.7|) directly from the CFT. 
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3. Symmetry Generators 

We now identify the M = (4, 4) generators on the two sides, namely string theory on 
the pp-wave and two-dimensional CFT. 

In the pp-wave background, the mass terms break the light-cone SO (8) symmetry down 
to S0{2) X 5*0(2)' X S0{4) where the first and second S0{2) factors act on the directions 
coming from AdS^ (say directions and X"^) and (say X^ and X^) respectively while 
the 5*0(4) acts on the tangent space of (or K^). The generators of the first and the 
second 50(2) therefore should be identified with Lq — Lq and jo—jo respectively. The total 
dimension A and charge J are A — Lq + Lo and J — jo+ jo- The fields X^, I — 1, .., 4 are 
massive while the directions along the T"^ which we denote by are massless. The two 
50(8) spinors decompose into and Xded where i = 1, 2 denotes the worldsheet chirality a 
and a denote the two components of the first 50(4) (which breaks down to 50(2) x 50(2)' 
due to the fermion mass term) spinor and anti-spinor respectively and a and a denote the 
two components of the spinor and anti-spinor of the second 50(4) acting on the tangent 
space of T^. These fermions satisfy the reahty conditions = €°'^€°'^9p^, and similarly 
Xdd — ^"^^"''X^j- While 9 are massive with mass being the same as that of X^ , x are 
massless. The equations of motion for the massive fields are: 

d+d'^ = {f,p^fX^, ML-W+(^')a% = 0, d.9l + tup^{a\%, = 0; (3.1) 
The conserved supercharges have the following expression: 

= j da{d^X'^a^''%^-il,p+X^^a''''^{as9')pa + d^Y'a'^x'''' 
Ql"^ = j da{d^X^a^'^^9l^-ilip+X^a^^P{a^9^)0, + d_Y'ai^X^^^ (3.2) 
c in the first equation above denotes the two world-sheet chiralities and {(7^9) denotes 
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The mode expansions for the massless fields and x are standard with the clear 
separation of left and right movers. The zero modes of x generate the cohomology of T^: 
the two complex left-moving zero modes and two complex right-moving zero modes acting 
on the ground state reproduce the cohomology elements hp^q of T^. 

For later convenience it is better to organize the fields in terms of definite SO{2)xSO{2)' 
charges. Thus we define two complex bosons — -\- iX"^ and = X^ -\- iX^. The 
complex conjugate fields will be denoted as Z*. the mode expansion for the massive fields 

and 9 are 

Z\a, t) = -^{€-^"^+''"'4 - e^''^-''"'a'^), i = l,2 



k 



k>0 

it>o ^P 

+ ea^e,, Yl Cke'^'^ie-'^'i^^sbir + ^^e^''^(^3&L,)^'') (3.3) 
fe>o ^P 



where 



cok = x/W+ii^, (3.4) 



and the normalization constant 



cj. = ^P (3 5) 

The oscillator modes satisfy the usual (anti-) commutation relations 

[al af ] = [4, af ] = S^.S^e: {b^aa: bf'} = 5^5%, (3.6) 

Now we are ready to identify the symmetry generators of jV = (4, 4) algebra. The left and 
right supersymmetry generators are: 

^1/2 ^ (^0)2, ^^12 ^ (^0)? 



Gtl/, = ^{iQT + iQ')h, Gtl/.^-^iiQ'f'^-iQ'n (3.7) 
The bosonic left and right SL{2R) and SU{2) generators are: 







L_ 


2t 

1 = Oo' 






L_ 


21 

1 = «0 








— Uq , 


4 









(3.8) 



For later purposes we give an explicit expression for the part of G that depends on 
massive fields: 

k 

+ sign{k),/U;^{al\b,),'^ + aUblf^)] 
k 

+ sign(fc)V^:;^^(af(6,)/-4(6t)2»)] (3.9) 
The expressions for G^y^ same as that of G^^^ with y/cok +p+ exchanged by 



\/u!k ~ p'^sign(k). One can verify that the anti-commutation relations between these G's 
are correct. In particular the anticommutator ^-1/2) defines Lq — Jq and similarly 

for the tilde operators. As a consistency check one finds that 

{Gy2^ Gil/,} + {G-;,, Gtl/,} = e«^(Lo - jo + Lo - jo) = e"^(A - J) = e'^'P' (3.10) 

Note that while ^^1/2 anticommutes with G^^^^ ^ they should, with G^-^^^ they anti- 
commute only on physical states in the pp-wave string theory, i.e. the states that satisfy 
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the level matching condition. Indeed we find 

= e'^'^Y.kN, = e^^^P. (3.11) 

where is the oscillator number operator at momentum k on the pp wave side and P^- just 
denotes the total momentum. This might seem strange, but does not create any problem 
since on the physical states these anti-commutators vanish. We will see in section 5, the 
analog of the pp-wave physical state condition as well as the analog of this anti-commutator 
in the dual perturbed boundary CFT. 

From this identification it is clear that the insertion of zero mode creation operators of 
the massive fields on the pp-wave side correspond to the insertions of Jq , Jq 

(bosonic) and GZy2^ ^-1/2 boundary CFT side. 

How about the non-zero modes on the pp-wave side. It is natural to identify them with 
the insertions of fractional modes of L_l_^.k/n, -^-i+fc/n, Jk/n^ ^k/n (bosonic) and GZ'^i2+k/ni 
'-^-1/2+fc/n s-cting on the Z„ twisted sector of the boundary CFT (here k can be positive or 
negative but is assumed that << n 0). 

However, one immediately comes up against an apparent contradiction to this proposal. 
Consider for instance a state in the boundary CFT of the form JkinGzXj2-k/n\'^ ^= ^i' 
where \n > denotes the chiral-chiral ground state in the twisted sector with left and 
right charges being (n — l)/2. This state is non-chiral in the left moving sector but is chiral 
on the right sector. It therefore must be in a (intermediate) BPS multiplet. In other words 
^-1/2 annihilates this state. On the other hand according to our proposal this state is to 
be identified with a^\{b'')1^\p~^ >, where is essentially n. It is easy to see, from the 

explicit expression of G^y2 given in (|3.9| ), that it does not annihilate this state. In fact 
note that for positive but small k are still creation operators acting on the Z„ twisted chiral state 
which carries a positive charge equal to (n— l)/2, n/2 or (n+ l)/2 corresponding to different cohomologies 
of the T*. The different cohomology elements are obtained by applying the masslcss fermion zero modes 
on the pp wave side 
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it transforms the state into d{k)a^_}f^a]}\p'^ > where the coefficient d(k) = sign(fc)y ^^"j'"'^ 
is an odd function of k and in the large p"*" hmit it is k/p'^. This state according to our 
dictionary is proportional to the state Jk/n''^-k/n'\'^' >= ^2 in the boundary CFT for some 
n' . By examining the charges we can conclude that n' = n + \. In any case this implies that 
if the dictionary between boundary CFT and pp-wave string is correct then such states on 
boundary CFT side must become non-chiral via some Higgs mechanism, i.e. several (4 in 
this case) intermediate multiplets should join together to give a long multiplet. The fact 
that the twisted sector is mapped to the Z„+i twisted state suggests that this Higgs 
mechanism is provided by the exactly marginal Z2 twist field acquiring a non-vanishing 
expectation value. 

Another way to see this problem is that the state ^1 in the boundary CFT has A — J = 2 
while the corresponding state on the pp-wave side has A — J = 2-^1 -|- fc^/ ~ 2 -|- 
k"^ /{p'^y + ... Since Lq — j = {G~"^2^-i/2}' change in the dimension can be obtained 
by computing the change in G under the marginal deformation. In particular, since the 
change in the dimension is not zero, the state cannot be a chiral primary. In the next 
section we will compute the first order change in G^l^^ due to the marginal deformation 
and show that the state ^1 indeed is mapped to state with the coefficient d{k). 

Assuming that the identification between the pp-wave string states and the boundary 
CFT states is correct, we can then summarize the action of G on the various left moving 
excitations, in the large J limit, as follows: 

b ^ b 

G_l/2 '■ <^_i/2+fc/nl^ >^ '^fc/(n+l)l^+ 1 > ' 

k 

L-l+k/n\n >^ r- , G'_^2+fc/(n+l)l^ + 1 > , 



<^l/2 • <^-V2+fc/nl^ >^ ^^e'"'L_i+fc/(„_i)|n - 1 > 



^^+^-l/2+fc/(n+l)l 
k 

V2p^ 

k_ 

VTp^ 



J- In >^ ^^G"" ,Jn-l> . (3.12) 



-12- 



where p'^ = J/ge ^ n/gQ. The action of G on the right moving fields is the usual in the large 
J limit. Note that the third and fourth lines in the above equation are just the Hermitian 
conjugate of the first and second lines. 

Another question that comes up with this identification is that, while the massive non- 
zero mode creation operators commute among themselves and thereby ordering of these 
operators is irrelevant in the definition of the states, on the boundary CFT side, the corre- 
sponding operators do not commute among themselves. While GZ1/2 commute 
among themselves (which correspond to the zero modes on the pp-wave side), the fractional 
moded operators do not commute. Thus it would appear that different orderings of these 
operators will give rise to different states. The point, however is that the difference between 
different orderings vanishes in the sense of norm and inner products, in the large J limit. 
Consider for example the states {^L_i+k/nJ~ —k/n)\n > and J^— A;/r;,L„i+fc/„)|n >. The 
factor 1/n is just included to have properly normalized states (in the large J limit). The 
difference between these two states is ^JZ2W whose inner product with either of the 
above states is of order 1/n^ and the norm is of order l/rr'. Thus in the large J (or 
equivalently large n) limit all the different orderings can be identified with a single state. 

Finally we turn to the pp-wave string states made up of modes of massless fields. As 
mentioned earlier, the two 5*0 (2)s acting on the complex fields and respectively are 
identified with Lq — Lq and j — j respectively. This is also clear from eq. (|3.8|) . The bosonic 
massless fields are neutral with respect to the two 5*0 (2)s and therefore The states created 
by them must carry Lq = Lq and j = j. The Fermionic massless field are anti-chiral 
with respect to the 5*0(4) which breaks down to the product of these two S'0(2)s and 
therefore carry opposite quantum numbers with respect to the two 5'0(2)s. Thus states 
created by these operators must have Lq — j = Lq — j. Since Lq — j measures how far the 
state is from being chiral, such states, on the boundary CFT side, must be equally non- 
chiral on both left and right moving sectors. It is natural to conjecture that the positive and 
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negative momentum k modes of the (or K3) operators on the pp-wave side (i.e. left and 
right moving modes on the pp-wave side) should be mapped to states obtained by applying 
left and right moving k/n fractional moded (or K3) operators in the Zn twisted sector 
on the boundary CFT side. The creation operators (for simplicity we consider here or 
in case of K3 its orbifold limit) acting on Z„ twisted chiral-chiral primary state are the left 
moving fermionic operators ip~^i^2-k/n '^1/2-k/n (^'-'^ a = ±) and the bosonic operators 
'^^-k/n = 1) • • • 5 4) with k > and similarly for the right movers. On the pp wave side the 
light cone Hamiltonian A — J is proportional to k/p'^. This means that on the boundary 
CFT side we must show that even after perturbation the dimension is proportional to k/n. 
In the following we study the first order correction to supergenerators and show that to 
this order it gives a structure constant proportional to ^Jkjn. 

4. Correlators in the resolved (T^)^ /Sn CFT and first order cor- 
rection to the conformal dimensions 



As anticipated in the previous section, we need to consider correlation functions in 
the symmetric product CFT, perturbed by the marginal deformation corresponding to 
the blowing up mode, which resolves the Z2 orbifold singularity. For earlier work on the 



symmetric product CFT see |16, 17, M, 19, 20, 21 



Although some of the considerations below apply both to the {K3)^ /Sn and (T^)^ /Sn 
cases, the explicit computations will be performed for the latter case. The first question we 
want to address is the modification of the supersymmetry generators when the blowing up 
mode is turned on. We will discuss this change to first order in the marginal perturbation, 
following an argument given in |2^ for the case of the Virasoro generators. 

Recall that the blowing up mode is obtained from the chiral primary field ai 1 in the 
Z2 twisted sector, of left- right- dimensions (1/2,1/2), by applying the left- and right- 
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moving supercharges and G ", where a = +, — denotes the doublet components of 

~ 2 ~ 2 

a global SU{2)j which is an outer automorphism of the J\f = (4,4) algebra. Together 
with the conjugate charges G'^\, G'^\ they are part of the global Af = (4,4) symmetry 

2 2 

of the CFT. Here the explicit + and — refer to the components of a doublet with respect 
to the global left- and right SU{2)ji x SU{2)^ R-symmetry charges, which are also part 
of the M = (4, 4) algebra. Therefore there are actually four blowing up modes, which 
are top components of a short (4,4) multiplet and are neutral under the SU{2)ji, SU{2)j^ 
Cartan generators, but transform as 3 + 1 of SU{2)j. We will be interested in perturbing 
the symmetric product CFT with the singlet component, corresponding to a particular 
combination of RR zero- and four-form vev's in the type JIB background. This is given by 
an antisymmetric combination of left and right supercharges acting on the chiral primary 
field, so that the complete expression for the perturbation is: 

A(G':+G':7 - GlTGlDcTi 1 + a.c. , (4.1) 

2 2 2 2 2 ' 2 

where A is the coupling constant, a.c. refers to the expression involving the antichiral field 
ai 1 with the hermitean conjugate supercurrents G^^, G~^^. 

We will be interested in studying the action of the right-moving charges G^\ , on states 

2 

(or fields) which are chiral primary on the right-moving sector and excited on the left- 
moving sector. By definition, G^l annihilates such states if the blowing up modes are 

2 

switched off. So let us consider bringing down in a correlator involving these fields the 
blowing up mode of ( |4.1|) to first order, and look at the action of G^": this is represented 

2 

by a contour integral §^dzG'^°'{z) where the contour C encircles the positions of all the 
other fields, including the perturbation which is integrated over the plane: 

< £dzG+%z)Y[(Piizi,z,) j d^xa,^,ix,x) > (4.2) 
where an = eabG~1G^\ai i is the blowing up mode. Deforming the contour around ZiS 

-2 "2 2'2 

gives zero if the (pi are right-chiral. The integral around x can be evaluated using o.p.e.'s: 
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the interesting term comes from writing 

ai,i(x,x)=i dyeabG'''{y)crl i{x,x) , (4.3) 

J Cx 

and using the o.p.e. of G+=*=(^) with G-^{w). In (|3) i = GiVi i 



J. . 

-5 2'2 



The simple pole in this o.p.e is given by: 



G+^iz)G-^iw)U^i, pole = (fiw) + dUw)/{-z - w), (4.4) 



where T and J3 are respectively the right-moving stress energy tensor and Cartan 
current of the SU{2)fi R-symmetry. Recalling the o.p.e. of T with o"" 1 (x, x), one sees that 
this gives a total derivative in x: 

/ (fxda'^i{x,x)Y\(f)i{zi,Zi) = y^S dxa-i^ i{x,x)(f)i{zi)Y\_4>j{zj,Zj) (4.5) 

This motivates the following expression for the first order change in the supercharge in the 
presence of the blowing up mode: 



6G+l(j)i{0) = \j dxa;* i(x,x)0,(O) (4.6) 
We have considered here the chiral part of the perturbation, the first term in ([4.1D, however 



it is easy to see that the antichiral gives the same result (|4.9|) : the reason is that a and a 
are members of an SU{2)r doublet, 

0^1,1 = j) J^iz) j) dzJ~{z)ai^ i. (4.7) 

But then if we move J~ and J~ across G^ and G^ respectively, we get back G~ and G~, 

so that, in fact, the two terms in ( ^.1| ) are identical 0. 

"'We have omitted here, and it will also be understood in the following when not strictly necessary, the 
SU{2)i index on the various fields. 
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We se therefore that there is a change in if there is a simple pole 1/x in the o.p.e 
between cf) and a^i. If this is the case, and this will be verified shortly, four states which 
belong to intermediate multiplets of the (4,4) supersymmetry at the orbifold point should 
join into long multiplets when turning on the blowing up mode. 

Moreover, the action of 5G^i on a given field amounts to fusing i with 0. Now 
1 is in the Z2 twisted sector and is in the twisted sector, so this gives a state in the 
Zn+i twisted sector when the corresponding two-cycle (ii, 12) and ra-cycle (ji, . . . jn) have 
one index in common. There will be also a transition from Z„ to ^n-i when the two-cycle is 
contained in the ra-cycle, and this will be the essentially CPT conjugate amplitude involving 

5G^ with the exchange of in- and out-states Q. Following basically the same steps leading 

2 

to ( [4.9| ), i.e. inserting 5G^°' in the correlator of ( [4.2| ) as §^ zG~°'{z), deforming the contour 
and using the o.p.e. between G^^{z) and G^^{w), whose relevant part is given by: 

G~H-^)G-^w) ~ nw)-dMw _ 2M^ ^ _ _ ^ 

z — W [Z — W)^ 

one can prove the following equation: 

5G7>i(0) = A j dxxalj_{x,x)(t)i{Q) (4.9) 

In this case therefore 56*7" is determined by the 1/xx singularity in the o.p.e. between 

2 

1 (a;, x) and 0. 

There is however a priori a possibility of transitions from a Z„-sector state to a Zn^i state 

which is genuinely different from the previous one. Notice that in the previous discussion 

we had, on the right-moving sector, chiral states which correspond to a cohomology element 

with degree on the right| Now, -R-charge conservation alone on the right-moving sector 
^Notice that the proper twist fields should correspond to conjugacy classes of S'at, and those correspond- 
ing to n-cycles can be obtained from the twist field corresponding to a given n-cycle by averaging over the 
Sn group orbit. 

^The single particle cohomology elements of {T'^)^/Sn from a given Z„ twisted sector inherit the 
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would allow a transition via a Z2 twist field from a Z„ cliomology element at degree to a 
chomology element in the Z„_i of degree 2 (two fermions applied). Similar considerations 
hold for the conjugate process. We will verify in the following, by an explicit computation 
that the corresponding amplitude in fact vanishes. 

Finally, if the incoming two- and n-cycles are disjoint, then one obtains an outgoing 
cycle which corresponds to a two-particle state and this will not be of interest for us. 

The above picture agrees with the result found in section 2, where we have seen that 
the discrepancy between the supergravity and CFT single-particle partition functions, for 
states which are right-moving chiral, is of the form (1 — q^yp)'^f{p, q, q^y), with some given 
function /. This indeed means that the three supermultiplet's components come from 
{n,n+ l,n-|-2) twisted sectors, in agreement with the Z2 twisted character of the modified 
supercharges discussed above. 

We would like now to analyze in more detail the fusion of Ci 1 with the left-moving 
excited field in the Zn-twisted sector. We will be interested in a particular class of such 
fields, namely those obtained by applying an arbitrary string of fractionally moded gen- 
erators L_^,k, G~f I and Jm, where L's and J~'s are the modes of the stress energy 
tensor and of the negatively charged R-symmetry current respectively. The integers k,l,m 
are assumed to be much smaller than n in absolute value, i.e. \k\, \m\ << n and have 
to satisfy orbifold group invariance condition, which demands, in the present case, that 
the total fractional mode should vanish, i.e. 'Y^U + 'Y^ki + 'Y^mi = 0. This condition 



corresponds precisely to the level matching condition on the pp-wave side, equation ( p.6|) . 

Before discussing the relevant three-point functions, let us consider first the unperturbed 
two-point functions involving one of these fields and its conjugate. This correlator will 



Dolbeault degrees {p, q) of the original T*, with p,q ~ 0, 1, 2. In the CFT, p — {q — 0) corresponds to 
the basic Zn twist field on the left (right), whereas p — 1,2 (q = 1,2) correspond to applying one or two 
left- (right-) moving invariant fermions, respectively, with positive i?-charge. This increses the dimension 
and the charge by the same amount so that the resulting field is still chiral primary. 
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involve multiple insertions of an even number of T's, of pairs of G~^^s and G~^s and of J~^'s 
and J^'s. The particular mode insertion can be then obtained by a contour integration 
around the positions of the chiral and conjugate anti-chiral external fields. The following 
observation will be useful when we will discuss the perturbed two point functions: in the 
large n limit we are interested in, the leading contribution to this correlator comes from 
"diagonal" contractions, where each of the above generators is contracted with a conjugate 
generator. The reason for this comes from the fact that in the o.p.e. of two conjugate 
operators one finds schematically T, T + dJ^ or J3. When bringing these operators near 
the chiral primary in the Zn twisted sector, they will give a contribution of order n, because 
they will measure the dimension or the charge (or the sum of the two) of the corresponding 
field, which is (n — l)/2. Off-diagonal contractions will be suppressed with respect to the 
diagonal ones by powers of n. This argument also says that in order to have two-point 
functions of order 1, we should normalize the generators with a 1/y/n factor. 

This observation facilitates the analysis of the three point function, i.e. the two point 
function involving the blowing up mode to first order, as far as the leading contribution for 
large n is concerned. In this case of course the presence of the blowing up mode forces the 
two external excited states to be non-diagonal. However, from the previous argument, the 
leading contribution will arise when all the generators inserted will be contracted diagonally, 
apart from a pair which has to connect through 1 . The upshot of this argument is that 
one can concentrate on the part of the correlator which involves a "flip" of the generators 
via the interaction cr^ 1 . Charge conservation then restricts the consideration to two type 
of correlators^] : 




C2{u) = <n + l|G'+i i{u,u)L_-^^,k\n >, (4.10) 

+ 2 n + 1 '2 " 

^The following correlators are understood as part of a correlator which involve states satisfying the 
orbifold group invariance condition. 
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where \n > and |n + 1 > denote ground states in the Z„ and Zn+i twisted sector 
respectively. 

Before turning to a more detailed computation, let us observe that the u, u dependence 



physical states obeying level-matching condition) is fixed by the conformal dimensions of 
the three fields, and therefore it is of the form c„^„+i/m, where c„^„+i is a structure constant, 
and we have assumed that the external twist fields are at and oo (Z„+i). Therefore 
the non-trivial task for our purposes is the determination of the leading n dependence 
of the structure constants, and this will give us the action of the modified right-moving 
supercharges on the excited states we are interested in. 

In order to perform the computation of the above correlators it is convenient to introduce 
a covering map from the plane t, on which the correlator is single valued, the original plane 
z on which it has the appropriate monodromies. This map can be chosen to be: 



with some arbitrary parameter to- This is a branched covering, with branch point of order 
n at t = 0, of order + 1 at t = oo and of order 2 a.t x = nto/ {n + 1), where the Z2 twist 
fields is located. This map thus realizes the required monodromies. Denoting with u the 
value of z at t = X, we have 



of the three-point functions in ( [4.10| ) (or rather of the full three-point function, involving 



z = r{t-to), 



(4.11) 



u = z{x) 



(4.12) 



In terms of the t coordinate the scalar correlator is simply 




ically normalized scalar fields H[ and H2 as follows 



++ 



exp {ml + iH^) /V2 




(4.14) 
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which both carry charge 1/2 with respect to J3 = H{) / \/2. Obvious expressions, with 
signs flipped, hold for the conjugate fields \1' and \t' ^ . The index / = 1, . . . , refers to 
the /-th field copy. As for the twist field in the Z„ twisted sector, it carries charge (n — l)/2 
with respect to J3 and therefore its Hi dependence is given by 

exp(2^ j^^) , (4.15) 

V2n 

whereas it does not depend on H2. The total dimension of the twist field is given by 
the sum of the dimension of the charged component, (n — l)^/4r;,, and the dimension of 
the neutral one, {ri^ — l)/4n, which gives a total of {n — l)/2, in agreement with its chiral 
primary nature. Similar expressions hold for the right-moving fields. 

Let us consider first the three point function Ci. It is convenient to perform the calcu- 
lation on the covering t-plane, where it is easy to find the following expression: 

1 P F kn k J h 

Cl = , , <P dt2 i dh {t2)-—^{t2 - to)-—{h)\ti - to)" 



{n + l)x 



(4.16) 



where the contour integrations with the corresponding fc-dependent powers project on the 
given fractional modes. The latter t2 and ti dependent factors are, in terms of the z 
coordinate, just Z2 "^^ and respectively. It is convenient to rescale ti and ^2 by x, 
after which we will get, for n large, an overall factor l/x""'"^ in ( |4.16D , together with the 
replacement of to by n/(n + 1), which is equal to 1 in the large n limit. The prefactor 
l^^n+i ^g^g expected on dimensional grounds, since it gives a simple pole in the 

physical coordinate u, in view of the relation ([4.12|) , which gives also an additional factor 
1/n in the correlator. It remains to evaluate the contour integrals in ([4.16|) , which is 
most easily done by doing a series expansion of the integrand. More details are given in 
Appendix A, but is easy to see that the leading contribution is of order kn for n large. To 
estimate the overall behavior of the complete correlator, including "spectator" generators, 
one should take into account that each generator comes with a normalization factor l/y/n, 
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as already mentioned, so that the contribution of the diagonal contractions is of order 
1. Furthermore, by doing the relevant combinatorics, one can show that the three point 
function of normalized ground states < n + l\ai i\n > goes like n for large n. So, collecting 
all the factors of n, we see that the full three point function behaves like k/n for large n. 

The above result could have been obtained perhaps more transparently by using a 
superconformal Ward identity which relates Ci to the correlator 

C[=<n + l\J^_^ai i{u,u)J2k\n > . (4.17) 

n + l 2 '2 „ 

The Ward identity is obtained by rewriting G~j_^\n > in Ci as G^i applied to J]^\n > 
and doing the contour deformation we used previously. The only contribution arises when 
G^i hits 1 (m, u), which gives L_icri i{u, u). So we get as a result of these manipulations 

2 '2 2 ' 2 

that Ciiu) = duC[{u). On the other hand, on dimensional grounds, the u dependence of C[ 

k 

is so that the u derivative produces a suppression factor 1/n . The n dependence 

of C[ itself is quickly estimated in the following way: to the leading order in 1/n the 
fractional modes of J+ and J~ are opposite to each other, so that when we bring say J+ 
against J^\n > we get Jo\n >, that is a factor proportional to n. Taking into account the 
normalization of the currents, we see that C[ is of order 1. Therefore again we see that Ci 
is indeed of order 1/n in agreement with the previous analysis, if we take into account the 
normalization of the three twist field correlator which goes like n. 

Let us come now to the other basic correlator C2: again using SCFT Ward identities 
we can relate it to Ci plus another correlator. This is done by writing 

L_,_,k\n>={Gt.G-.,+-J'_^,k)\n> . (4.18) 



The first term in ( [4.18| ) can be shown, after bringing G'^ against the other operators, to be 
equal to: 

Gi+ <n + l\Gt_^du(Tii{u,u)Gl.,\n> , (4.19) 

2 n + l 2'2 2 + n 
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where Ci arises when G_i acts on < n + l|G't__t^ and the second term when we commute 

2 2 ~ n+T 

with (Ti 1. 

2 

The term involving in ( |4.18| ) can be shown exphcitly, using the procedure explained 
in Appendix A, to be suppressed by a power of n with respect to Ci. We are left therefore 
with the second term in ( [4.19| ). It is easy to see that this term is suppressed too in the 
large n limit compared to Ci. the reason is that all the n countings go in the same way 
as for the J^, J" correlator of the previous paragraph, but there is an additional 1/n 
suppression factor coming from the jacobians appearing when relating the t coordinates to 



the z coordinates. They are there in this case (as well as in ( [4.16|) , giving the prefactor 
l/{n + 1)) because the supercurrents which are being contour integrated have weight 3/2, 
whereas they are absent in the case of the two currents and J~, which have weight 1, 
and therefore their contour integral is invariant under coordinate changes. Morew details 
are given in appendix A. 

Let us discuss now amplitudes which involve a change in the cohomology's degree, and 
show, as anticipated before, that they do not occur in the present situation. To this purpose 
it is sufficient to consider the right moving sector of the amplitude: 

< n + l|G7(Ti,i^+t^+7|n > , (4.20) 

2 ' 2 2 

One can rewrite this correlator in the following way: 

<n + l\ (f dzsZsG-{z3) (f dzG-{z)a,i{u) (f^^++{zi) f ^^+- {z2)\n > . (4.21) 

Joo Ju Jo ^1 Jo ^2 

This expression is computed using the t coordinates, using the map Zi = t^{ti — to) and 
keeping track of the variuos jacobians as explained already. One can perform then first 
the t, ti and t2 contour integrations, but then one finds that the final ts contour integral 
vanishes, being of the form dt^{t^ — toj/it^ — x)^. 

We can now use the above results to compute, to the first non-trivial order, the change 
in the right-moving conformal dimensions of the left-excited states under discussion. The 
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starting point is the asnti-commutation relation: 

{G- ,G+J = Lo- Jo', (4.22) 

"^2 2 

Here G^i is actually G^^^^ + SG^i, with the zeroth order supercharge. 

We can take now the matrix element of ( [4.22| ) between any of the (normalized) excited 



states proportional J_ ^ \n >, Gj j^\n > or L_^,k\n > and its conjugate. Notice that these 

~n ~2+n " 

states are related to each other by supersymmetry. Consider for example \tpn >~ J k |^ >• 

n 

From equation ([4.10|) we have: 

6Lo-J=< ^n\SG\\^',^, >< >= X^\Crr-l,nf (4.23) 

2 '2 

Here we have used the fact that the zeroth order annihilates \tpn >, so that there 

is no need to consider the second order change in . The excited state {ipn-i >, from the 

2 

Zn-1 twisted sector, is proportional to G^i, — 1 > . From ( ^.23| ), we see that indeed 

the leading order change in the right-moving conformal dimensions for the above states is 
of order {k/nY for a given mode k. What remains to do is to fix its dependence. Recall 
that the external states, from the Z„ twisted sector, are canonically normalized, however 
we have to fix the normalization of the blowing up mode. If we assume that the coupling 
constant A equals the effective 6-dimensional string coupling = dssj^-, where Qs is the 
string couplingfl and the Z2 chiral primary a is actually obtained by summing over the 



two-cycles (i,j), i.e. it is of the form a = J2i<j^ij^ then the three point function above 



is of order y/N = VQiQs, since the canonically normalized Z2 twist field is a/N and the 
three-point function of canonically normalized twist fields goes like 1/y/N. Collecting all 
the factors we get a correction of the form 



ligsm.n-r (4.24) 

2 n 



^Independent arguments supporting this identification have been given in |l[ 
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for A = Lq + Lq, which is in agreement with the first order expansion of the pp-wave 
hamiltonian for massive oscillators, when translated into CFT units. 

We now discuss another class of states, which should correspond to massless oscillator 
states in the light-cone hamiltonian on the pp-wave. These are non-chiral on both left- and 
right-moving sectors, and are obtained by applying fractional modes of the U{1)\ x U{l)j^ 
super-current algebra, generated by the four free bosons and fermions, to the ground state 
in the Zn twisted sector. Level-matching requires that Lq — Lq = Omodn. Neither of 
the unperturbed supercharges G~^i G~^i annihilates these states, and to zeroth order 

2 2 

in the blowing up mode both Lq — Jq and Lq — Jq are of the form k/n, with k « n. 
The question is what happens when we switch on the blowing up mode. In general their 
conformal dimensions will change, but in order for the change to agree with the pp-wave 
string spectrum it should happen that, to any order in in the blowing up mode coupling 
constant, the change should be proportional to k/n. In this case the effect of turning 
on the blowing up mode will be to renormalize k/n hy some finite amount depending on 
its coupling constant. We will not be able to prove this, but we will perform structure 
constant calculations similar to those described previously, which will confirm the above 
picture, giving indeed structure constants of order ^JkJn. 

Before turning to the calculation of the relevant three point functions, let us fix the 
correct normalization of the fractionally moded bosonic and fermionic oscillators. We 
have, using the covering coordinates t's, for the left-moving bosons: 



< n\aha_k\n >— (p dti (f) dt-zi — Y'- ^ — — ^ > (4-25) 

ti (ti — 12) 



n n 



whereas for the left-moving fermions: 
Similar expressions hold for the right-movers. 
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Thus we should rescale each bosonic (fermionic) oscillator by l/\fk [ll^/n) when con- 
structing normalized excited states. 

The arguments of the first part of this section concerning the modification of G^, 
in the presence of the blowing up mode go through also for this class of states, the only 
difference being that now there is a non-trivial zeroth-order action of ^ G^ as well. 
In particular, at first order in the perturbation, we should compute three-point functions 
involving external excited states and an insertion of cti i or ai i . Let us consider the first 
case. In order for the three point function to be non- vanishing, the two external states 
should contain operators acting on Zn and Zn+i ground states respectively , which, in the 
right-moving sector, are conjugate of each other whereas in the left-moving sector they 
are conjugate apart from a single flip due to the presence of i. -R-charge conservation 
then requires in the left-moving sector there should be a flip from a bosonic oscillator to a 
fermionic oscillator carrying +1/2 i?-charge. The basic correlators we need to consider are 
therefore^: 

Di{u) = <'ri + l|\I't _j^a^a-^^ i{u,u)a_ka_k\n > , 

D^iu) = <n + l|^+ ^(Tii(M,M)a_fe^:i_,|n> , (4.27) 

2"'"n + l 2"'"n + l " 2 n 

These correlators can be computed along the lines we followed to evaluate Ci^2- Let su first 
connsider Di: one starts from the correlator: 

<n + l\^+{t2)dX{t2)a^i{u,u)dX{ti)dX{ti)\n> , (4.28) 

and then projects onto the given modes by contour integrating with the factors zj" and 

_ k 

Z2 "^^^ as before. It is easy to see that the resulting expression , when expressed in terms of 
the physical coordinate u goes like k"^ /nu. Taking into account the normalization factors 
discussed above, giving a factor Ijk'i-^Jn and the three-ground state correlator, which goes 
like n, we see that the resulting structure constant (S^nn^x -^1 ~ '^nn+i/'" S'^^^ like 



We omit here the ± index corresponding to the direction 2 in (4.14) 
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One can similarly evaluate d^n+i -^2, starting with 

<n + l\^+{t2)d^+{t2)a^^i{u,u)dX{ti)^-{ti)\n> , (4.29) 

and proceeds in the same way. In this case the correlator goes like k/u, so that taking into 
account the normalization factors, which give now and usual factor of n from the 

ground states correlator, gives for the structure constant d^ .^^^ ~ 

In this case, unlike in the previous case, the first order structure constants above do 
not allow to compute the full change in the conformal dimensions, since the zeroth order 
supercharges do not annihilate the states and we need also the second order expression. 
So, what is required is really a full fledged four point function calculation. Nevertheless 
we believe that the results above give a good indication that indeed the variations of the 
conformal dimensions at arbitrary orders in the blowing up mode are proportional to k/n. 



5. Discussion 

In the last section we saw that the first order correction to the dimension matches with 
the prediction from the pp-wave side. Now we discuss the higher order corrections for the 
states corresponding to the massive oscillators. 

The relevant set of states are the excitations of the twisted chiral-chiral state by 
applying fractional moded GfZi/2+k/n -^'-i+ifc/n operators. Let us start from the 
state >= NnJ~k\'n > where Nn is the normalization constant so that jV'n > has unit 

n 

norm. This is not a physical state; there must be multiple insertions of fractional modes so 
that the total level is an integer (or half integer for fermionic states) . However we have seen 
in the first order analysis that in the large n limit, it is sufficient to consider the interaction 
of only one of the insertions, the remaining ones are spectators and contract diagonally, 
(j, j) charge of iV^n > is (^^, ^^)- Using methods given in the last section one can see 
that G'^^,„ and G'.^ annihilates this state at least to the first order in the perturbation. 
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Moreover G^i^\ipn > is proportional to G^-^^^lipn-i >■ It seems natural to assume that to 
all orders in the perturbation, under the action of A/" = (4, 4) generators, the set of states 
under consideration are mapped to each other (in large n limit). If this is so then the above 
first order results must be true to all orders. This is seen simply by taking into account 
the left and right U{1) charges of the states. 

Now using the supersymmetry algebra we find that the norm square of the state 
Gy^lijn > is 

IIGT/sl^n > IP = 7 < V'nIV'n > (5.1) 

where ■y = Lq — j eigenvalue of \ipn >■ 

On the other hand, we have seen from the three point computation given in the last 
section, that to the first order in perturbation: 



< iJn-l\G-;,G-j',\^r^ >= e"'^^ (5.2) 

If we assume that this equation is true to all orders in X/n, then, using the fact that the 
norm square of the state G'^-^^^^l'^n-i > is Lq — j eigenvalue of \ipn-i > which is equal to 
7 + 1 (note that the correction to Lq and Lq must be equal), we conclude that: 

1 X'k'N 

The solution to this equation is 



1, / A^PA^ , , , 



Identifying n/Xy/N with p+ and the fact that the correction to A is twice the correction 
to Lq and hence 27, we find complete agreement with the pp-wave spectrum. 

This incidentally also proves the formula for G given in ( ^121) . Indeed it follows that 

~_ , Xky/N 1 , , , , 

Gl/2\^n >= ^^-^===|^„_i > (5.5) 
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where {ipn^i >= -^j=^G^^^2\i'n-i > has unit norm. Using the value of 7 and the identifi- 
cation of p'^ as above, we find that: 



Gr/2i^n>=y^^^^-^K-i> (5.6) 

which is exactly the relevant term appearing in the expression of G from the pp-wave side 

(EM) ■ 



m 



The exact correspondence with the pp-wave therefore rests on the validity of equation 
]2|) to all orders. Since G^^^ annihilates \ipn >, this is equivalent to the statement that 



{G-;^G-;^}\^n >= e^'X J dzd,{zzar^i)\^n > (5.7) 

where the integration contour encircles the insertion of the state \ifjn >■ This equation is 
the analog of equation (|3.11|) appearing in the pp-wave string, provided the operator on the 



right-hand side is identified with Pcr/p^- The latter vanishes on the physical states though 
not on the individual oscillators. This is also the case with the operator J dzdz{zzai 1) 
appearing above: physical states consisting of multiple insertions satisfying Y^ki = have 
integer (or half-integer for fermionic states) unperturbed dimensions and therefore are local 
with respect to ai 1 and thus are annihilated by this operator. This is not the case with 
the individual building blocks of such states. Indeed the individual operator insertion 
carries fractional dimension k/n, while the outgoing state carries dimension k/{n—l). The 
difference of the dimensions being of order k/n^, gives rise to the OPE: 

k 

{zzai^i{z, z)\i)n >~ n.— \ogz\iljn-i > (5.8) 

resulting in equation ( ^.2|) . Here the first factor of n on the right hand side comes because 
there are n channels by which a can take Z„ to Zn-i twisted sector. 

Analogous discussion for the states corresponding to the massless pp-wave modes is 
more complicated. Consider the state \(f)n >~ '^i/2-k/n'^-i/2-k/n\^ > for k > 0. Under the 
assumption that the set of states corresponding to all the massless pp-wave modes close 
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under the action of the symmetry algebra, we can again conclude that G'^i^^ and G^^^g 
annihilates this state. If we further assume that G~^2l0n > is proportional to G^^i^(^n-\ > 
then a discussion similar to above using the eq (|5.2| ) would now imply that 7^ = X^/Nk/n 
in agreement with the pp-wave prediction. However the problem is that there are two 
different states having the same left and right U{1) charges as those of G^^^\(f)n > and 
G^i^:)\4>n-i >■ Therefore the consideration of charges is not sufficient to conclude that the 
latter two states are proportional to each other. 

We conclude by noting that the issue of higher order corrections is an important open 
question. The discussion we have given above indicates that the crucial identity that one 
needs to prove is equation ( ^.2| ). This equation suggests that there is an extension of the 
JV = (4, 4) algebra which collapses to the usual one on the physical states. This is certainly 
the case on the pp-wave side and to the first order in the perturbation also in the boundary 
CFT. It is also interesting to note that equation ( |5.2D plays the role of the equation of 
motion used in p3[ to derive an all order formula for the anomalous dimensions in the 
A/" = 4 Yang-Mills theory. 

Appendix 

In this appendix we give some details of the computation of the correlation functions 
in section... The main object we have analyzed is the three point function denoted by Gi, 
which is given by: 



= f dt2fdh{z2ih))'—^iZiih))-^t[ 

J 00 Jo 

<n + l\J+{t2) f dtVt'G~{t)ai i{x,x)G~{ti)\n>, (A.l) 
where the prime on t (ti) means that it is differentiated with respect to z (zi), giving: 

t' = 77 ^T7 r , (A.2) 
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with similar expression for ti, with x = nto/ (n + l). As explained before, the presence of the 
square roots for the contour integrations of the supercurrents is due to the fact that they 
have dimension 3/2. Using the scalar correlator (|4.13|) and the bosonization expressions 
( [4.14| ) and ( [4.15| ) one can easily reproduce (|4.16| ). After rescaling ti and t2 by x one is left, 
in the limit of large n, with the integral: 



1 / / kn k 7 k 

Ci = i dt2 i dh {t2)~{t2 - l)-^{ti)''{h - 1)" 

)U Joo Jo 

It is convenient to perform first the ^2 integral and then the ti integral, after expanding the 
integrand in power series. In this way one gets: 



^1 = E c{k/n),c{-k/n - 3)(,_i), (A.4) 

where the coefficients c(a)j are defined to be: 

/ N T{i- a) , 

i (-a)i [t + 1) 

which, for small a behave like c{a)i — > —a/i, for i ^ 0, whereas c(a)o = 1- Using the above 
definition of the q's, in particular the fact that, since j > 0, c{k/n)j goes like —1/kn, one 
sees that the above sum for large n is proportional to: 



V— J(j + l)~^^fc- (A.6) 
We thus see that the structure constant c„^„+i is of order kjn. 
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